We consider a spherical pendulum whose suspension point performs high-frequency oscillations. We derive the averaged over these oscillations Hamiltonian of the problem. We assume that these oscillations are such that the averaged Hamiltonian is invariant with respect to rotations about the vertical direction. Under this assumption we give complete description of bifurcations of phase portraits of the averaged system.
Background
A spherical pendulum is a classical model problem in mechanics. It consists of a massless rod which performs a spatial motion around one of its ends and carries a heavy bob at the other end [1] .
In [2] , the spherical pendulum whose suspension point performs high-frequency vertical harmonic oscillations of a small amplitude has been considered. It is shown that there are two types of motion of the pendulum when it performs high-frequency oscillations close to conical motions, for which the pendulum makes a constant angle with the vertical and rotates around it with a constant angular velocity. The problem of the stability of these motions of the pendulum, close to conical, is solved.
We consider a spherical pendulum whose suspension point performs high-frequency periodic oscillations to any direction. We derive the averaged Hamiltonian of the system. Then we make some assumptions under which the azimuthal angle is a cyclic coordinate. We gave a complete description of bifurcations of phase portraits in this case.
2 Hamiltonian of spherical pendulum with vibrating suspension point
We consider a spherical pendulum, Fig.1 , whose suspension point performs high-frequency periodic oscillations to any direction. Let l,m be length of the massless rod and mass of the bob for this pendulum. Let ξ(t) be vertical Cartesian coordinate and τ (t), η(t) be horizontal Cartesian coordinates of the suspension point. It is assumed that ξ(t), τ (t) and η(t) are given periodic fast oscillating functions of time. Owing to the spherical geometry of the problem, spherical coordinates are used to describe the position of the mass in terms of (l, ϕ, α) ( Fig.1 ):
Then the kinetic and potential energies of the bob are 
The generalised momenta conjugate to ϕ and α are p ϕ = ∂L ∂φ = ml 2φ + ml cos ϕ cos α ·τ (t) + cos ϕ sin α ·η (t) + sin ϕ ·ξ (t)
Thusφ = p ϕ − ml cos ϕ cos α ·τ (t) + cos ϕ sin α ·η (t) + sin ϕ ·ξ (t)
Then we get the Hamiltonian
Averaged Hamiltonian
Assume that ξ = εξ(ωt/ε), η = εη(ωt/ε), τ = ετ (ωt/ε), where ε is a small parameter,ξ,η,τ are 2π-periodic functions with zero average. We use the averaging method [3] for an approximate description of the dynamics. The averaged Hamiltonian is
+ m cos 2 ϕ cos α sin α − cos α sin α ·τ (t)η (t) + m cos ϕ cos α sin ϕ ·τ (t)ξ (t) + m cos ϕ sin α sin ϕ ·η (t)ξ (t) − mgl cos ϕ
Here the upper bar denotes averaging with respect to time.
Symmetry conditions
We can process with the analysis only if the averaged Hamiltonian does not depend on α. Thus we consider the following conditions:
Then the averaged Hamiltonian simplifies tō
We see that the third termη 2 (t) is not important here. Denote A =ξ 2 (t), B = p α 2 and C =η 2 (t). For convenience, we suppose that m = 1, l = 1, g = 1, and we still use the notationV :
As cos 2 (ϕ) = 1 − sin 2 (ϕ), we havē
We will build a partition of the parameter plane of the problem into domains corresponding to different types of phase portraits of the averaged system. Boundaries of these domains are critical curves. Generally, there are two types of critical curves:
• Curves corresponding to degenerate equilibria: first and second derivatives ofV vanish for parameters on these curves. The number of equilibria changes at crossing such a curve in the plane of parameters.
• Curves such that the functionV has the same value at two different saddle equilibria for parameters on these curves. Here we only have one saddle, so there are no these curves.
The type of the phase portrait ofH is determined by the extrema ofV . The equations for the critical curves are
Solving these equations for A − C and B we get:
As we defined B to be non-negative, we get ϕ ∈ (π/2, π]. Therefore there is no bifurcations with ϕ ∈ [0, π/2]. Relations (14) give a parametric representation with the parameter ϕ of the critical curve Γ corresponding to degenerate equilibria. This curve is shown in Fig.2 . When C = 0, a spherical pendulum's suspension point undergoes fast vertical vibrations. This is the case considered in [2] . The line B = 0 corresponds to the usual pendulum for ϕ = π (Stephenson-Bogolyubov-Kapitsa pendulum, see, e.g., [4] and references therein). The pendulum has one equilibrium if parameters are in domain I (Fig.3) , and three equilibria if parameters are in domain II (Fig.4) . 
